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S. N. Bernstein introduced in 1912 an approximation operator, which is
now named after him, in order to give a simple proof of Weierstrass’s theorem
that every continuous function on a finite closed interval can be uniformly
approximated by algebraic polynomials [4].

The Bernstein operators or polynomials are defined for f € C[0,1], = €
[0,1] and n € N by

0 Bt =38 () st st = ()eH0 -

We have
lim B, f(z) = f(z) uniformly on [0, 1],

n—oo
that is

where || o || stands for the (essential) supremum norm on the interval [0, 1].
Moreover, clearly

|B.fl <|Ifll, fe€C0,1], n€N,.

Thus {B,}>°, is a strong approximation process on C[0, 1] (see [8, Defi-
nition 12.0.1]).

Various estimates of the supremum norm of the error B, f(z) — f(x) were
established. Some of the earliest ones were stated in terms of the so-called
moduli of smoothness (or continuity). For example, Popoviciu [48] (or see
[43, Theorem 1.6.1]) showed that

) _
1Bof — [l < qeilfin 2.
Above wy(f,t) is the modulus of continuity of f, defined by
(2) wi(f,t) == sup |f(z) — f(y)|-

lz—y|<t

Since B, f interpolates f at the ends of the interval, one can expect that it
approximates the function better in their neighbourhood. This is indeed so.
The following estimate holds for f € AC}. _(0,1) such that *f” € L,[0,1],
where p(z) := \/x(1 — z) (see e.g. [12, Chapter 10, § 7] or [15, Chapter 9])

c 1!
(3) | Bnf — fll SEHsDQf |, neN,.
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Here and henceforward ¢ denotes absolute constants.
This estimate can be further generalized for any f € C[0,1] and n € N
in the form

(4) 1Bof = fIl < cwl(fn™7),

where w?(f,t) is the Ditzian-Totik modulus of smoothness of second order
with varying step controlled by the weight ¢(z) in the sup-norm on [0, 1]. Tt
is defined by

(5) wi(f.1)
= sup sup |f(z+hp(x) = 2f(2) + f(z = he(x))], ¢ > 0.
0<h<t z+hp(z)€[0,1]
Adell and G. Sangtiesa [1] proved that (4) holds with ¢ = 4. Later on
Gavrea, Gonska, Paltanea and Tachev [27] improved this estimate to ¢ = 3,
then Paltanea [47, p. 96] to ¢ = 5/2 (or see [7, p. 183]).

It turns out that (3) and (4) cannot be improved. The converse to (4) is
also valid—there holds (see [40] and [53])

(6) ||an - f” > cwi(f, n_1/2)a n = No,

where ng € N, is independent of f. Earlier, Ditzian and Ivanov [14, Theorem
8.1] obtained a similar two-term converse inequality.

The last estimate implies that B, f cannot approximate f in the supre-
mum norm on [0, 1] with a rate faster than 1/n unless B, f preserves f, that
is, f is an algebraic polynomial of degree at most 1. This is known as satura-
tion of an approximation process (see [8, Definition 12.0.2], or [12, p. 336]).
Thus the sequence of approximating operators { B, }52, is saturated, as its
saturation rate is n~!'. It was first observed by Voronovskaya [54] (or see e.g.
[12, Chapter 10, Theorem 3.1]). She proved that if f € C?[0, 1], then

) lim n(Bof(e) — f(a)) = “0—)

1
n—00 2 ! (ZL‘)
uniformly on [0, 1].
The Bernstein polynomial possesses another property. As it was estab-
lished by Chlodowsky [11], Wigert [55] and Lorentz [42] (see e.g. [12, Chapter
10, Theorem 2.1], or [7, p. 232]), it not only approximates the function, but

also its derivatives. More precisely, we have

(8) rzlggo (Bof) (z) = f© (z) uniformly on [0, 1],
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provided that f € C*[0,1]. That phenomenon is referred to as simultaneous
approximation.

The main subject of the dissertation is to present estimates of the rate
of this approximation. We prove both direct estimates and matching one- or
two-term converse estimates, which show that the direct estimates are sharp.
The estimates are established in the essential norm on [0, 1] with Jacobi
weights. As a further application of those results we characterize the rate
of the simultaneous approximation of the iterated Boolean sums of B, and
of two modifications of B,,, which are polynomials with integer coefficients.
Finally, we investigate the rate of convergence in Voronovskaya’s theorem

(7).

Weighted simultaneous approximation by the
Bernstein operator

Voronovskaya’s result (7) shows that the differential operator which describes
the rate of approximation of B, (up to a constant multiple) is Df(z) =
©*(z) f"(x) with p(z) := \/x(1 — x). A quantitative description of this rate
follows from (4)-(6):

(9) |Buf = fll ~ w2(f,n ), n>mn,

with some ny € N, which is independent of f € C[0,1]. We say that ®(f,t)
and V(f,t) are equivalent and write ®(f,t) ~ W(f,t) if there exists a positive
constant ¢ such that ¢ '®(f,¢) < U(f,t) < c®(f,t) for all f and ¢ under
consideration.

As we indicated earlier in (8), the derivatives of the Bernstein polynomial
of a smooth function approximate the corresponding derivatives of the func-

tion. Lépez-Moreno, Martinez-Moreno and Munoz-Delgado [41] and Floater
26] extended (7), showing that for f € C*72[0, 1] we have

1

(10)  lim n ((an(a:))(s) — f(s)(x)) = E(Df(x))(s) uniformly on [0, 1].
n—oo

Hence the differential operator that describes the simultaneous approxima-

tion by B, is (d/dx)°D. Results about the rate of convergence in (10) were
established in [29, 30, 32].



The first quantitative result for the simultaneous approximation by means
of B,, was given by Popoviciu [49] (or see [7, p. 232]). It states

1800 = 190 < 2522wy (g0, )+ 2D oy, s

Numerous improvements of this estimate have been established since then
(see [7, Section 4.6]).

To the best of my knowledge, all but one estimate established previously
(see Remark 3.6 below) use the classical fixed-step modulus of smoothness
of first and second order. The estimates we prove use the Ditzian-Totik
modulus and take into account that the approximation is better near the
ends of the interval, besides we consider approximation generally in weighted
spaces. Moreover, we also establish matching converse inequalities, which
show that the direct estimates are sharp. A point-wise direct inequality,
which demonstrates that the approximation improves near the ends of the
interval was established by Jiang [36] (or see [7, p. 237]), who proved for the
first derivative that

(o)) = @) < o (11 Z2L) (o),

We consider simultaneous approximation by B, with the Jacobi weights:

(11) w(x) == w(y, y1;2) =21 —a), z€]0,1],

where vg,71 > 0.
To characterize the rate of the simultaneous approximation by B,,, we use
the K-functional

EP(ft)w = _inf  Alw(f =g +t]w(Dg)™||} .

geCs+2[0,1]

We establish the following direct estimate of the rate of the weighted
simultaneous approximation by the Bernstein operator.

Theorem 3.3. Let s € Ny and w := w(v,71) be given by (11) as 0 <
Yo,71 < 8. Then for all f € C[0,1] such that f € ACE'(0,1) and wf® €
L[0,1], and all n € Ny there holds

lw(Baf = HON < e K2(fS 0w



The value of the constant c is independent of f and n.

This estimate can be simplified. The K-functional KP(f,t), can be
characterized by simpler ones. Let

Kn(ft)o= inf  Allw(f = g)l| + g™}
9EAC ;. ~(0,1)
and
(12)  EKno(fithoi= _inf{wlf =gl +tluwes™]}
9eEAC 5.~ (0,1)

where p(z) := y/x(1 — z). For the unweighted case w = 1 we set

Km(fa t) = Km(fa t)l

and

Koo (1) 1= Koo (O

As we show in Theorems 4.4 and 4.5, if 0 < 79,71 < s, then for all
wf € Lyo[0,1] and 0 < ¢ < 1 there holds

D K2:@(fat)W+K1(f7t>w7 § = 17
(13) Ks <f7 t)w ~
Koo(fit)w +tllwfll,  s=2,

whereas in the case w = 1 we have:

K2:</’(f7 t) + Kl(fa t)? s = 17
(14) K2 (f, 1) ~
K2,<P(f7t)+Kl(f7t)+t||f||7 5227

for all f € C[0,1] and 0 < ¢ < 1. The characterization of K”(f,t), in
the case when one of the ~s is 0 and the other is positive is a “mixture” of
(13) and (14). The assertion in (13) in the case s = 1 actually holds for all
0<7,m <L

Each of the K-functionals Ki(f,t), and K ,(f,t?), is equivalent to a
modulus of smoothness. The latter are function characteristics, which are
more directly related to the approximated function than the K-functionals,
but are equivalent to them. We have already mentioned two of them—(2)
and (5). To extend their definition, we first introduce the difference operator.
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The forward difference of f : [0, 1] — R with step A > 0 of order m € N
is given by

R f(z) =

Similarly, the backward difference is given by

N, B i(—l)’(”f‘)f(x—m), z € [mh, 1],

i
0, x € [0,mh).

We also make use of the symmetric difference, which is defined on [0, 1]
by

Ay f(a) = Z“”i(T)f (e (5 =)). e [mTh o mTh}
0, otherwise.

The classical unweighted fixed-step modulus of smoothness of order m of
f € L]0, 1] is then defined for ¢t > 0 by

%
wi(f,t) = sup [[AFf]].
0<h<t
The weighted modulus of smoothness w,, (f, ), is defined by
_>m e777,
Win(f,)w == sup [[wA} f||[0,3/4] + sup [[wA} f||[1/4,1]'
O<h<t 0<h<t

Here || o || ; denotes the essential supremum norm on J C R.
In the case w = 1 we can use the modulus of smoothness w,,(f,t)—we
set

Wi (f, )1 = wm(f, 1).

One generalization of the classical moduli, which is equivalent to the K-
functional K,,,(f,t™), was introduced by Ditzian and Totik [15, (2.1.2)]. In
the unweighted case w = 1 it is given by

Wh(f,t) = sup |[|AT £l
210 = s A7)

8



The generalization of that modulus of smoothness to the weighted case
is more complicated. For vp,v; > 0 it is defined by (see [15, Appendix B])

X —
(15) wgl(fv t)w ‘= sup HwA;prH[mQtQ,lmetQ] + sup HwA;Lan[OJZmQtQ]
0<h<t 0<h<m?2t2

%
+ sup HUJA;?fH[lflzm?t?,u?
0<h<m?2t2

where 0 < t < 1/(mv/?2).
We set

w;n(fa t)l = W?(fa t)
We have (see [38], [15, Chapters 2 and 6], or [12, Chapter 6])

(16) Km(f7 tm)w ~ Wm(f, t)wa O <t S 17
and
(17) Koo (fot™)w ~ W (fi ), 0 <t <t

with some ¢y > 0, which is independent of f.
By virtue of the last relations, Theorem 3.3 yields the following Jackson-
type estimates.

Theorem 3.5. Let s € Ny and w 1= w(vo,71) be given by (11). Then for all
f € C[0,1] such that f € ACE.1(0,1) and wf® € Ly [0,1], and all n € N,
there holds

lw(Bof — /)

(W2(f 0" )+ wr(f o, s=1,0< 0,7 <1,
— s - 1 s
< e up(fO T+ (fn T+ FONL 522, 90 =7 =0,
. 1
kCUZ(f(S),TL 1/2)w+ﬁwa()Ha 5227 O<P)/U>’Yl < Ss.

The value of the constant c is independent of f and n.

Although the equivalence between K, (F,t*) and w?(F,t) was estab-
lished for ¢ > 0 small enough, the direct estimates above are verified for all
n € N,. In addition, we show that the range of 79 and 7; in Theorems 3.3



and 3.5 is the broadest possible, which allows direct estimates under natural
assumptions on the functions.

Remark 3.6. Jiang and Xie [37] (or see [7, Theorem 4.57]) proved a point-
wise direct estimate, which implies the estimate in Theorem 3.5 in the case
§>2, vo=m=0.

The direct estimates stated above are sharp—the following strong con-
verse estimate holds.

Theorem 3.8. Let s € N and w := w(y,71) be given by (11) as 0 <
0,71 < S. Then there exists R € Ny such that for all f € C[0,1] with
f e AC:10,1) and wf® € Ly[0,1], and all k,n € Ny with k > Rn there

holds

KP(f® n ), <c

S|

(lw(Bof = HON + lw(Bef = H) -
In particular,
KP(f9,n )y < ¢ (lw(Buf — N+ w(Baaf — HPI]) -

The value of the constant c is independent of f, n and k.

We have stated Theorems 3.3, 3.5 and 3.8 under minimal assumptions on
f. However, we have an approximation if and only if lim;_,q wfg( @ t), =0
and, in addition, lim,_qw;(f®,t), = 0 in the cases s = 1, 0 < v, 71 < 1
ors > 2, v = = 0. In the case w = 1, we have lim; ,ow;(g,t) = 0 if
and only if g € C[0, 1]; similarly lim,_,ow?(g,t) = 0 if and only if g € C([0, 1]
(considering two functions which are equal a.e. with regard to the Lebesgue
measure as identical); see [15, p. 37]. If 79 > 0, then we must have that g(z)
is continuous on (0,1) and lim,_,o 27g(z) = 0; if 7; > 0, then we must have
lim, ,;(1 — )" g(x) =0 (see e.g. [25, p. 94]).

To prove Theorem 3.3 we apply a standard method based on bounded-
ness and Jackson-type estimates for the approximation operator (see e.g. [14,
Theorem 3.4]), and to prove Theorem 3.8 we use the method developed by
Ditzian and Ivanov [14, Theorem 3.2], which is very effective for such prob-
lems. It, too, is based on several estimates that concern the boundedness of
the operator and its rate of approximation for smooth functions in various
aspects. Let us state these inequalities briefly. In all of them ¢ denotes a
constant, whose value is independent of f and n.

The first basic estimate concerns the boundedness of the weighted L-
norm of (B, f)®).
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Proposition 3.14. Let s € N, and w = w(y9,71) be given by (11) as
0 < y,m < s. Then for all f € C[0,1] such that f € ACE *(0,1) and
wf®) € Ly[0,1], and all n € N there holds

lw(Baf)] < e llwf].

The next two are Jackson- and Voronovskaya-type inequalities, respec-
tively.
Proposition 3.17. Let s € Ny and w := w(v,71) be given by (11). Set
s = max{2,s}. If 0 < y9,71 < s, then for all f € C[0,1] such that f €
ACETH0,1) and w ) we? fC+2 € Lo[0,1], and all n € N, there holds

loc

s c s’ s
lo(Buf = NI < = (s + e £+ )
If voy1 = 0 and still 0 < o, 71 < s, then
c s’ s s
lw(Bf = DO < = (Jof ] + o f D+ g+

provided that wf+Y € L,[0,1] too.

Proposition 3.20. Let s € Ny and w := w(yy,71) be given by (11). Set
" = max{3,s}. If0 < v,n < s+ 1, then for all f € C[0,1] such that
f € ACET3(0,1) and wfC) wet fY € Lo [0,1], and all n € N, there holds

loc

1 (s)
w(Bus =1~ 5 f)

C s// s
< 5 (I + gt ).
n

If voy1 =0 and still 0 < v9,71 < s+ 1, then

1 (s)
w(Buf = 1 -5, 0f)

C s s s
< 55 (I f <N+ 2l + gt £0+91))

provided that wf+? € L[0,1] too.
In addition, we make use of the following Bernstein-type inequalities.

Proposition 3.23. Let ¢,s € Ny and w := w(vy,71) be given by (11) as
0 < 79,7 < s. Then for all f € C[0,1] such that f € ACS'(0,1) and
wf®) € Ly[0,1], and all n € N, there hold:

11



(a) g (B )] < enflluw O
(b) (B )| < e uof ).

In order to establish Theorems 3.3 and 3.8, we derive from those estimates
the following ones in terms of the differential operator D (to recall, D f(z) :=

2(1— ) f"(x)):

() [w(Buf = NNl < = lwDHV], J e [0, 1]

(s)
(b) w(an—f—%Df> < S (D) £ e,

(¢) |[w(DB.f)P| < enllwf®], feC0,1], fe AC;H(0,1),
wf®) € L[0,1];

(d) [hwo(D?*Baf)9|l < enllw(DHP,  f € C=+2[0,1].

We still assume that 0 < 7,71 < s for w = w(yy,71), given in (11).
Then Theorems 3.3 and 3.8 follow from [14, Theorems 3.2 and 3.4].

We establish a one-term strong converse inequality for the rate of the
weighted simultaneous approximation by B,, for lower order derivatives and
additional restrictions on the weight exponents, but still including the case
w=1.

Theorem 3.26. Let s € N, as s <6, and let w := w(vy,71) be given by (11)
with vo, 71 € [0,5/2]. Then there exists ng € Ny such that for all f € C[0,1]
with f € AC;1(0,1) and wf® € Loo[0,1], and alln € Ny with n > ng there
holds

KP(f9,n7Y), < cllw(Baf — O]

To prove this converse inequality, we again apply the method developed
by Ditzian and Ivanov [14], as we establish improvements of Proposition 3.14
and 3.23, which show that the more iterates we take of B, the smoother
its image becomes. More precisely, we prove that if 1 < s < 6, m > 2 and
w = w(Yp,71) is given by (11) with vy, v1 € [0, s/2], then for all f € C**2[0, 1]
and n € N, such that n > m + s + 2 there holds

m (s logm s
||w(D2an)”IISC’\/ - nllw(Df)E,

12




where the constant ¢ is independent of f, n and m.

Theorem 3.26 holds for s = 0 as well (see [40, 53]). Its assertion for s = 1
and w = 1 has already been established in [34].

Combining Theorems 3.3 and 3.26, we verify that the error of the weighted
simultaneous approximation by the Bernstein operator is equivalent to the
K-functional KP(f®) n='),. Thus the following characterization of the rate
of the weighted simultaneous approximation by the Bernstein operator holds
true.

Theorem 3.30. Let s € N ass <6, and let w := w(vy,71) be given by (11)
with 70,71 € [0,5/2]. Then there exists ng € Ny such that for all f € C[0,1]
with f € ACE.1(0,1) and wf® € Lo[0,1], and alln € Ny with n > ng there
holds

lw(Bof = )N ~ K2(Fn ).

Similarly, Theorems 3.5 and 3.30 along with (13)-(14) yield

Theorem 3.31. Let s € Ny, as s <6, and w := w(vy,71) be given by (11).
Then there exists ng € Ny such that for all f € C[0,1] with f € AC;1(0,1)
and wf® € Lo,[0,1], and all n € Ny with n > ng there hold:

lw(Baf = f)'| ~ 2 (f 0 )+ (fin Dy s =1, 0 <50,m < 1/2,

(Bt = O~ (£, 1717 + (£, 070 4 71 £
2§8§6770:")/1207

(Bt = O ~ 20,02+ 0 g,
2<5<6, 0<y,m < s/2.

To compare, the characterization in the case s = 0 is of the form (see (9))

1Buf = fll ~ wi(f,n™2).

Results about the simultaneous approximation by the Bernstein operator
can be easily transferred to the Kantorovich operator. The Kantorovich
operators or polynomials are defined for f € L[0,1] and = € [0, 1] by

n (k+1)/(n+1)

Koflz) =Y (n+1) |

o k/(n+1)

PO deposte), prate) = () )12y

13



They are related to the Bernstein polynomials as follows

(15) Kol (0) = (BunF@) . Fa) = [ 50
More generally, we set for f € L[0, 1] and m € N, (see [50])
(19) K™ f(w) == (BusmFm ()™,
where

P (x) = (m;—l)' /Ox(x LA .

The operator K™ is referred to as the generalized Kantorovich operator
of order m. That generalization of the Kantorovich polynomials or similar
modifications of related operators were studied in [9, 10, 29, 30, 32, 35].

All the above results about simultaneous approximation by B, can be
transferred to K™, In particular, we have the following characterization of
the rate of the simultaneous approximation by K™

Theorem 3.41 Let m € N, s € Ny and w := w(vp,71) be given by (11) as
0 < 0,71 < s+m. Then for all f € Ly[0,1] such that f € ACS*(0,1) and
wf®) € Ly[0,1], and all n € N, there holds

||w( m>f f) S)H < C s+m(f(5 - )

Conversely, there exists R € Ny such that for all f € Ly[0,1] with f €
ACEH0,1) and wf® € Loo[0,1], and all £,n € Ny with £ > Rn there holds

loc

KO < (5] (Bl s = DO+ il 1 = 1)

n

In particular,

K2 (1) < e (lolim™ | = DO+ llw(Kf f = £91).
The value of the constant c is independent of f, n and L.

In the statement of the last theorem, the condition f € ACS '(0,1) is to
be ignored for s = 0.

By virtue of Theorem 3.30, we have the following characterization of the
rate of approximation of the Kantorovich operator.

14



Theorem 3.44. Let w := w(vy,71) be given by (11) with vo,71 € [0,1/2].
Then there exists ng € Ny such that for all f € L[0,1] with wf € Ly[0,1],
and all n € N, with n > ng there holds

lw(Knf = Hll ~ KL (f,n7 ).

The direct estimate for the Kantorovich operator in the case w = 1 and
s = 0 is due to Berens and Xu [3, Theorem 6]. There a weak converse in-
equality was established as well. The corresponding one-term strong converse
inequality and the characterization of the K-functional by the Ditzian-Totik
modulus were proved by Gonska and Zhou [34]. Mache [45] established the
direct estimate for the Kantorovich operator and a weak converse one in the
case w = ©?* and s = 2¢, ¢ € N,. All those results were obtained in the
L,-norm, 1 < p < oo.

Weighted simultaneous approximation by iter-
ated Boolean sums of Bernstein operators

One way to increase the approximation rate of the Bernstein operator B, is
to form its iterated Boolean sums B, : C[0,1] — C]0, 1], defined by

B =1—(I-B,),

where I stands for the identity and r € N,. In [46] it was shown that their
saturation order is n™".
An important and nice characterization of the error of B, , was given by

Gonska ans Zhou [33]. They established the following upper estimate

@) B0~ < e (W A1) el e

A Stechkin-type converse inequality was also proved. That enabled them to
deduce the trivial class of the operator and a big O equivalence characteri-
zation of the error.

Since B,, preserve the algebraic polynomials of degree at most 1, replac-
ing in (20) f with f — p;, where p; is the polynomial of degree 1 of best
approximation of f in the uniform norm on [0, 1], we immediately arrive at

@) 1Bf ~ Al < e (WU 4 LB(D), fechal nen.,
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where E;(f) denotes the best approximation of f by algebraic polynomials
of degree 1 in the uniform norm on [0, 1].

Later on Ding and Cao [13] characterized the error of the multivariate
generalization of B, , on the simplex. In the univariate case, the direct in-
equality they proved is of the form

(22) “Br,nf - f” S CK??O(ﬁ n—r)) f S O[Ov 1]7 n e N+,

where

Ko(f,t) =t {|f—gll +]D"gl}

g€eC27(0,1]

with, to recall, Dg := ¢*¢” and ¢(z) := \/x(1 — ).
They also proved a strong converse inequality of type D (in the terminol-
ogy introduced in [14]), that is

K??O(f? n—r) S ¢ r]?;:lgf HBT,k’f - f”? f € 0[07 1]7 ne N-i-'

However, as we show,
KD (f,1) ~ Ko o(f,1) +tEL(f), 0<t<1.

Therefore, taking also into account (17), we see that the function character-
istics on the right side of (21) and (22) are equivalent.
In addition, we establish that

K (fin™) ~ ol (fin” )+ W2(fin7"?), feClo1], n>0”
When we apply it in (22), we get the direct estimate
||Br,nf - f“ <c (wir(f’ n_l/Q) +w3;(fa n—r/?)) , J€ 0[07 1]; n > re.

We demonstrate that results on the simultaneous approximation by B,
easily yield (20). In addition, we prove the following strong converse inequal-
ity, which improves the earlier converse estimates.

Theorem 4.2. Let r € N,.. Then there exists R € N, such that for all
f e Clo,1] and k,n € N with k > Rn there holds

KA < ¢ (5) (Bunf = 114+ 184 = 11D,

16



In particular,

Kio(f,n™) < e (1Brnf = fIl+ 1Brgaf — fII) -

The value of the constant ¢ is independent of f, n and k.

In order to prove this theorem we apply [14, Theorem 3.2]. To this end,
we verify the following Voronovskaya- and Bernstein-type inequalities:

(a) ‘ =D

B’r‘,ng —9— (2n)7.
() 1D"Brnfll < cn”|[fIl, f € C[0,1];
(c) I Byngll < cnl|D7gll, g € C*[0,1].

¢ r+1 2r+2 )
SWHD gll, g€ ™70, 1};

We characterize the error of the weighted simultaneous approximation by
B, by means of the K-functional
E2(f )= inf  {[w(f =g +t|w(D )|}

geC2r+5(0,1]

We establish the following direct estimate.

Theorem 4.3. Let r,s € N and w = w(v,71) be given by (11) as 0 <
Yo,71 < 8. Then for all f € C[0,1] such that f € ACE*(0,1) and wf® €
L.[0,1], and all n € Ny there holds

lw(Benf = H)P < e K2(FO, 07 ).

This estimate can be simplified. We characterize the involved K-functional
KP.(f,t)w by the simpler ones Ky, (f,t)w and Ky (f,1)w.

Theorem 4.4. Let r;s € Ny and w = w(vy,7) be given by (11) with
0<v,m <s8. Then for allwf € L[0,1] and 0 <t < 1 there holds

K27‘,<p(f7t)w+Kl(fut)wa s = ]-a
KT?S(f? t)w ~
Korp(f, 0w +tlwf],  s=2.

The result in the case w = 1 is of a different form.

Theorem 4.5. Let r,s € N.. Then for all f € C[0,1] and 0 < t < 1 there
holds
KQT,@(f? t) + Kr(f7 t) + Kl(f7 t)v s = 17
Kv?s(fv t)l ~
KQ?W’(fat)+Kr(f7t)+t‘|f”7 322
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Further, by virtue of (16) and (17), we get the following Jackson-type
estimates.

Theorem 4.7. Let r,s € Ny and w = w(vy,m) be given by (11) as 0 <
Yo,71 < 5. Then for all f € C[0,1] such that f € ACS1(0,1) and wf® €
Lo[0,1], and all n € Ny there holds

wir(flan_l/Q)w +w1<f,7n_r)lw s = 17

[w(Brnf — | <c ) L )
W (f 07 ) — O, s 22

Theorem 4.8. Let r,s € Ny. Then for all f € C*[0,1] and n € N, there
holds
wiT(f/’n—l/Z) +w7“(f,7n_1) +w1<f,7n_r)a s=1,

- s — 1 s
WO o (fO )+ O, sz 2

The direct estimates above are sharp. We verify a strong converse in-
equality that matches the direct one in Theorem 4.3.

Theorem 4.10. Let r,s € Ny and w = w(y,71) be given by (11) as
0 <v0,71 < 8. Then there exists R € Ny such that for all f € C|0,1] with
f e AC: H0,1) and wf® € Ly[0,1], and all k,n € Ny with k > Rn there
holds

Kol < e (5) (lBonf = 0O+ o(Beas = ).

In particular,

K s(f9n ) < ¢ ([lwBrnf = NN + wBrgnf = H) -

The value of the constant c is independent of f, n and k.

The proof of Theorems 4.3 and 4.10 is based on the extension of Propo-
sitions 3.14, 3.17, 3.20 and 3.23 to B,,. This extension yields:

(@) 0By = O < = [w(D Ol f e (0,1

r— (3)
w (Br,nf _po D’“f)

(2n)"
f c 027’+S+2 [0’ 1]’

C

(b) lo(D™1 )],

- nr—i—l
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(c) [[w(D"Brnf)P| < cn”|wf@, feC0,1], fe AC;'(0,1),
wf® € Lo[0,1];

(d) (D™ By )| < enflw(D" O, f e C?*0,1).

We still assume that 0 < 7,71 < s for w = w(yy,71), given in (11).
Then Theorems 4.3 and 4.10 follow from [14, Theorems 3.2 and 3.4].

Analogously to the simultaneous approximation by the Kantorovich op-
erator, we derive from Theorems 4.3 and 4.10 the following result for the
iterated Boolean sums of K™ of (19)

Kb o= 1 — (I — K™

n

Theorem 4.25 Let m,r € Ni, s € Ny and w := w(y0,71) be given by (11)
as 0 < 49,71 < s +m. Then for all f € Lo,[0,1] such that f € ACS*(0,1)
and wf®) € Ly[0,1], and all n € N, there holds

lw(KI f— O < KL, (f9 0 ).

Conversely, there exists R € Ny such that for all f € L[0,1] with f €
ACE10,1) and wf® € Ly[0,1], and all £,n € N, with £ > Rn there holds

loc

E\" m
1¢;Mﬂﬂn4M§c(ﬁ>(WMM@f—fWW+HMK&W—fWW)

In particular,

K10 < e (o5 = HON+ o, = DY)

The value of the constant ¢ is independent of f, n and {.

In the statement of the last theorem the condition f € AC: '(0,1) is to
be ignored for s = 0.

Simultaneous approximation by Bernstein poly-
nomials with integer coefficients

Bernstein [5] posed the problem of determining to what extent the require-
ment on the coefficients of the algebraic polynomials to be integers affects the
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order of the best algebraic approximation in the uniform norm. To solve this
problem Kantorovich [39] (or e.g. [44, Chapter 2, Theorem 4.1]) introduced
an integer modification of B,,. It is given by

B =3 |1 (%) ()] a0

k=0

Above [a] denotes the largest integer that is less than or equal to the real a.
L. Kantorovich showed that if f € C[0, 1] is such that f(0), f(1) € Z, then

lim ||B.(f) = fI| = 0.

Clearly, the conditions f(0), f(1) € Z are also necessary in order to have

limy, o0 B (£)(0) = £(0) and lim, o0 B, (f)(1) = f(1), respectively.
Following L. Kantorovich and applying (4), we get a direct estimate of

the error of B, for f € C[0,1] with £(0), f(1) € Z. For z € [0,1] and n € N,

we have
(23) Buf)(a) — )] < cu(Fn ) 4 1.

We show that the simultaneous approximation by én( f) satisfies a sim-
ilar estimate. Before stating that result, let us note that another integer
modification of B, f possesses actually better properties regarding simulta-
neous approximation. In it, instead of the integer part [a] we use the nearest
integer (a) to the real a. More precisely, if &« € R is not the arithmetic
mean of two consecutive integers, we set (o) to be the integer at which the
minimum min,,cz | —m| is attained. When « is right in the middle between
two consecutive integers, we can define («) to be either of them even without
following a given rule. The results we prove are valid regardless of our choice
in this case. R

We denote that integer modification of the Bernstein polynomial by B,,(f),
that is, we set

B =3 {7 (5) (7))t -

k=0

for f € C[0,1] and z € [0, 1].
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Similarly to (23), we have
= 1
(24) 1Boh) — fIl < e (fn™2) 4 o

for all f € C[0,1] with f(0), f(1) € Z and all n € N,.
Combining (23) and (24) with (9), we arrive at the characterization

(wioz )+ %) <Balf) = Fll+ -

cofeaarn o)

n
and
(w?(f nV?) 1 1) <1Bu(f) - 1+ 1
(,0 b n _— n n
<c(w2rn+ 1)

valid for all f € C]0,1] with f(0), f(1) € Z and all n > ny with some ny,
which is independent of f.
Consequently, if 0 < o < 1, then

(25) IBu(f) = fl =0(n™) <= wi(f,h) = O(h*)
and
(26) IBu(f) = fll = 0(n™) <= wi(f,h) = O(h*),

provided that f(0), f(1) € Z; we assume f € C0,1].

In addition, we prove that the approximation processes generated by En
and B, in the uniform norm on [0, 1] are saturated with the saturation rate
of 1/n and if | B, (f) — f|| = o(1/n) or | Ba(f) — f|| = o(1/n), then, similarly
to the Bernstein operator, we have that B,(f) = En(f) = fand f is a
polynomial of the type px + ¢, where p,q € Z. As it follows from (25)-
(26), their saturation class consists of those functions f € AC|0, 1] such that
1(0), f(1) € Z, ' € ACe(0,1) and @*f" € L]0, 1].

Let us explicitly note that for any fixed n > 2 the operator B,:C 0,1] —
(0, 1] is not bounded in the sense that there does not exist a constant M
such that B

IBofll < MIf| ¥ feco
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Therefore we cannot drop the quantity 1/n on the right-hand side of the
estimate (23), or replace it with c||f||n~!. That operator is not continuous
either. On the other hand, En is bounded but not continuous. Both operators
are not linear. To emphasize the latter we write B, (f) and B,(f), not B, f

and B, f. ~ R
We verify that the integer forms of the Bernstein polynomials B,, and B,

possess the property of simultaneous approximation and establish a direct
estimate of the rate of approximation.
Theorem 5.1. Let s € N,. Let f € C*|0,1] be such that
F(0), (1), £(0), f'(1) € Z and fO(0) = fO(1) =0, i=2,....5.
Let also there exist ng € N, ng > s, such that
k k
fl=1=>f0)+—=f(0), k=1,...,s n>ny,
n n
k A
f - Zf(l)_ 1—- f<1)7 /{::n—s,...,n—l,nZno.
n n
Then for n > nq there holds
I(Ba(F) = ¥
1
wi(f’,n_lﬂ)—kwl(f’,n_l)—i—E, s=1,
1

N
n

<ec

1
w(F 07 ) (T + O+ s> 2

2
%)
The value of the constant c is independent of f and n.

Remark 5.3. An analogous result holds for the integer form of the Bernstein
operator defined by means of the ceiling function instead of the integer part.
Then we assume that the reverse inequalities for f(k/n) hold, that is,

F(E) <roEron k=t nzm,
f(%) < f(1) — (1—%)]"’(1), k=n-—s,....,n—1, n>ny.

The estimates of the rate of convergence for En are valid under weaker

assumptions.
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Theorem 5.4. Let s € N,. Let f € C*[0, 1] be such that

£(0), F(1), f1(0), f'(1) € Z and fO0) = fD(1) =0, i =2,...,s.
Then

~

(B = f]
wi(flan_l/g)—f_wl(f/an_l)_’_%7 s=1,
1

N
n

<c

- S - 1 S
wp (£, 072+ (f9, 07 + — 1)+

2
©
The value of the constant c is independent of f and n.

In addition, we show that the assumptions made in Theorems 5.1 and 5.4
are necessary in order to have uniform simultaneous approximation. Con-
cerning the difference between the set of conditions on the derivatives for
s =1 and s > 2, let us note that B,, and B, preserve the polynomials of
the form pz + g, where p,q € Z (that is verified just as for the Bernstein
operator). Therefore it is not surprising that there are not any restrictions
on the values of the function and its first derivative at the endpoints except
that they must be integers. However, the requirement that the derivatives of
order 2 and higher must be equal to 0 at the endpoints is quite unexpected.
Technically, it is related to the fact that (%)S (Z) € Zforall kand niff s =0
or s = 1.

We establish the following weak converse relations that complement the
direct estimates in Theorems 5.1 and 5.4.

Theorem 5.5. Let s € Ny and 0 < a < 1. Let f € C*[0,1], f(0), f(1) € Z,
and

Bl = Ol =0 or [[(Bulf)Y = fO = On).

Then
WA R) = 0(h*) and  wi(f®,h) = O(h%).

)

The proof is based on application of the Berens-Lorentz Lemma (see [2],
or e.g. [12, Chapter 10, Lemma 5.2|)

Combining this theorem with Theorems 5.1 and 5.4, we get the following
two big O equivalence relations.
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Corollary 5.6. Let s € Ny and 0 < a < 1. Let f € C*[0,1] be such that
£(0), £(1), £(0), f'(1) € Z and fD(0) = fOD(1) =0, i =2,...,5. Let also

there exist ng € Ny, ng > s, such that

F(5) 250+ E7©, E= s nzm,
f<§> Zf(l)—(l—ﬁ)f’(l), k=n—s,....,n—1, n>n,.

n
Then

I(Bu(M = F = 0™
= Wi(fP,h) =0(h*) and wi(f*,h) =O0(h).
Corollary 5.7. Let s € Ny and 0 < a < 1. Let f € C®[0,1] be such that
£0), £(1), £(0), f'(1) € Z and fO(0) = fO(1) =0, i=2,...,s. Then
I(Ba( ) = fO) = O(n™)
= W2(fPh) =0(*) and wi(f, k) =O(h*).

The proof of the results above is based on the relation between (B, f)®)
and (B,(f))®, given by

1(Baf)® — (Bal(1)] < ¢ (w1<f<s>,n-1> T 3)

n

and similarly between (B, f)*) and (En( ) under the assumptions of The-
orems 5.1 and 5.4, respectively.

Following the relation between the Kantorovich polynomials and the
Bernstein polynomials given in (18), we define

Rol0)@) = (Bun(F)@) o= | iy dt

where f € L[0,1] and = € [0, 1].
Then we have

LCES (<k+ ) < [ roa(yt 1)>

k=0

—(n—k+1) </O”i1 f(t)at (n21)>> (1 — )",
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Now, Theorem 5.4 implies the following direct estimate of the rate of
simultaneous approximation by K,.

Theorem 5.17Let s € Ny. Let f € C*[0, 1] be such that

/ fdiez, £0) () ez,
0
f90)=fD1)=0,i=1,...,s.

Then
(K, () — £
1
W2(fn ) Fwn (fonh) + = s =0,
s ¢ " 1 1
wp(F )+ (fO 0 )+~ +— s> L

The value of the constant c is independent of f and n.

Clearly, the only advantage of l?n to En could be that it is defined by
integrals of f rather than its values, which is useful in case the former are
more readily available than the latter.

Direct and converse Voronovskaya estimates
for the Bernstein operator

We estimate the rate of the convergence in the Voronovskaya’s theorem [54],
which states that if f € C?[0,1], then

lim n(Bof(z) — f(x)) = T2 priyy

n—o0 2

uniformly on [0, 1].
We introduce the linear operator

Dy f(x) == n(Bnf(z) — f(x))

and refer to it as the Voronovskaya operator.
We consider it on the Sobolev-type function spaces

WE(@)[0,1] = {f € C[0,1] : f € AC},71(0,1),™ f™ € Lo[0, 1]},

loc
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where, to recall, p(z) := \/x(1 — x). We have W ()]0, 1] € W™ ()]0, 1].
For f € W2 (9)[0,1] we set Df(z) := @f”(x).
It is known that (see [14, Lemma 8.3])

which can be written in the form

|Duf = Dfll < =516 DN, f € Wa(p)[0,1].

C

1
Buf = f =5 & f"|| < —5lle* fOl - f e Wiip)o.1],

We show, assuming a higher degree of smoothness, that

|57 = £ = 5 0] < S AN+ 19, £ € Wate.1),

that is,
c
1Dnf =Dfll <~ (7O + Ml F21) -

That slightly improves the estimate

|Bur =1 - | < Sarne 1D, secto

established in [31].
To state our main results about the convergence rate of D, we use the
K-functionals K, ,(F\,t),, defined in (12) and

KF,t = inf F—1D 1t 2 _(3) + 4 _(4) ‘
(Fayi= it {IF =Dl + o (I + le'e @)}

We establish the following characterization of the rate of approximation
of Df by means of D, f.

Theorem 6.1. For all f € W2 (¢)[0,1] and all n € N, there holds

@) D] = Df| < RS < ¢ (Kapls"n ) + LIS
Conversely, for all f € W2(¢)[0,1] and all k,n € Ny there holds

28) Ko (fon ) <2Def — DF| + ek Ko (77 )+ S 2P
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The value of the constant c is independent of f, n and k.
The above two estimates can also be written in the form

@) [Bur =15

< SRK(Df.n
n
_ &
Kao(f" 0 e + — |61
and
¢ " opl 1 2 ¢
(80) 3 Kap(fTn )2 < 2 Hka—f— 55 7 f

k
c _ c
+ Koo (/" K e + — 171

Estimates (27) and (29) can be considered as direct Voronovskaya inequali-
ties, and estimates (28) and (30) as weak converse Voronovskaya inequalities.
Similar direct point-wise estimates were established in [28, Theorem 3.2]
and [52, Theorem 2|. The assumptions on the functions made there are more
restrictive. However, the first of these results is very general and both give
explicit values to the absolute constant.
We derive the following equivalence relation from Theorem 6.1.

Corollary 6.3. Let f € W2(p)[0,1] and 0 < o < 1. Then
IDnf =Dfll=0(n™%) <= Kyo(f" )2 = O(t7).

Bernstein [6] proved that if f € C*7[0,1], then

T}Lrgonf<3f ZB o—zx) ()%):0

uniformly on [0, 1] (see also [51]). A quantitative estimate of this convergence
for positive linear operators on C|0, 1] was established by Gonska [28].
Setting r = 2 above we have for f € C4[0, 1]

(31) lim n(D, f(x) — Df(z)) = D' f(z)

n—oo
uniformly on [0, 1], where

(1 - 22)¢%(x)
3!

3¢ (x)

o [P,

D'f(x) = FO () +
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This shows that the operator D,, is saturated, as its saturation order is n*

and its trivial class is the set of the algebraic polynomials of degree at most
2.

We establish the following quantitative estimate of the convergence in
(31).
Theorem 6.4. For all f € W2 ()[0,1] and all n € N, there holds

Do -2r - 205

c B c
< S Ko+ S

The value of the constant c is independent of f and n.

Instead of Ky ,(F,t), one can use the weighted Ditzian-Totik modulus of
smoothness w?(F,t),r, defined in (15) (see also (17)). In fact, the weighted
Ditzian-Totik main-part modulus of smoothness allows us to restate the char-
acterization in Corollary 6.3 in a simpler form.

Corollary 6.5. Let f € WZ()[0,1] and 0 < a < 1. Then
IDuf =Dfl =0(n™) <= [¢*Ah,f" li2nz1-202) = O(h*).

Embedding inequalities

To establish the results, related to the simultaneous approximation by the
Bernstein operator, its iterated Boolean sums and the Voronovskaya opera-
tor, we extensively use inequalities between the norms of the derivatives of
the functions as well as between them and the norms of the values of the dif-
ferential operator that is associated with the approximation by the iterated
Boolean sums of the Bernstein operator, (d/dx)*D", and, in particular, by
the Bernstein operator itself.

When we consider the weighted simultaneous approximation by the iter-
ated Boolean sums of B,,, we do not establish the estimates we need directly
in terms of the differential operator (d/dx)*D", because it is rather involved.
Instead, we do so in terms of the norms of the components into which (D" g)()
expands. They are of the form qp?¢"), where ¢ is an algebraic polynomial,
which can be ignored, and i, 7 € Ny. Then, making use of certain embedding
inequalities, we return to (D"g)®. That allows us not only to get round
the technical difficulties of dealing with (d/dz)®* D", but also to derive almost
simultaneously both characterizations of ||w(B,.,.f — f)*||: the more natural
one by K (f,t), and the more useful one by Koy ,(f, 1)y and Kp,(f,t)w.
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In fact, applying appropriate embedding inequalities is typical for such
problems in Approximation Theory; see e.g. [3, Lemmas 2, 3 and 4], [15,
p. 135], [33, Lemma 2] and [34, pp. 127-128].

It is well-known that (e.g. [12, Chapter 2, Theorem 5.6])

IFONs < e (Iflls + 15 ), G =0,...,m,

where f € W (J) and J is an interval on the real line. The value of the
constant c¢ is independent of f.

Besides this inequality, we establish and use several more. They are stated
in the following two propositions.

Proposition 2.1. Let j,m € Ny as j < m. Let w, = w(V,0,Vu1) be given
by (11) with 7,0, vu1 > 0 for p=1,2 and let 3, < 1, +m—j forv=0,1.
Let also g € AC"71(0,1) be such that wyg™ € Ly[0,1]. Then

loc

lwig? || < ¢ (I1gllpjazg + lwag™]) -

The value of the constant ¢ is independent of g.

Proposition 2.6 Let r,s € Ny and w := w(yo,71) be given by (11) as
0 <7, <s. Setjs :=11ifs=1, and j5 := 0 otherwise. Then for all
g € AC? 5710, 1] there hold

||wg(j+5)|| < CHw(DTg)(S)”v ] :js,...,T,
and
[we™ g || < cllw(D"g)|.

The value of the constant ¢ is independent of g.

Organization of the contents of the disserta-
tion

In Chapter 1 we collect the definitions and the basic properties of the stan-
dard K-functionals and moduli of smoothness that are used in problems of
the type we consider.

In Chapter 2 we establish inequalities between the weighted essential
supremum norms of the derivatives of the functions as well as between them
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and the norms of the values of the differential operator that is associated with
the approximation by the iterated Boolean sums of the Bernstein operator,
and, in particular, by the Bernstein operator itself. The results presented in
this chapter were published in [17, 18, 24].

In Chapter 3 we establish matching direct and one- or two-term strong
converse estimates of the rate of the simultaneous approximation by the
Bernstein operator in the weighted essential supremum norm. The material
presented in this chapter was published in [18, 19].

In Chapter 4 most of the estimates of the previous chapter are extended
to iterated Boolean sums of the Bernstein operator. The results presented in
this chapter were published in [16, 17, 18, 22, 23].

In Chapter 5 we establish direct and weak converse estimates for the
simultaneous approximation by two modifications of the Bernstein polyno-
mials, which provide approximation by algebraic polynomials with integer
coefficients. The results presented in this chapter were published in [20, 21].

In Chapter 6 we characterize the rate of the convergence in the Voronov-
skaya’s theorem. The results presented in this chapter were published in [24],
written jointly with I. Gadjev.
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